The three space problem in topological groups  by Bruguera, Montserrat & Tkachenko, Mikhail
Topology and its Applications 153 (2006) 2278–2302
www.elsevier.com/locate/topol
The three space problem in topological groups ✩
Montserrat Bruguera a,∗,1, Mikhail Tkachenko b
a Departamento de Matemática Aplicada I, Universidad Politécnica de Cataluña,
C/ Gregorio Marañón 44-50, 08028 Barcelona, Spain
b Departamento de Matemáticas, Universidad Autónoma Metropolitana,
Av. San Rafael Atlixco # 186, Col. Vicentina, Iztapalapa, CP 09340, Mexico DF, Mexico
Received 14 October 2003; accepted 3 May 2005
Abstract
We study compact, countably compact, pseudocompact, and functionally bounded sets in exten-
sions of topological groups. A property P is said to be a three space property if, for every topological
group G and a closed invariant subgroup N of G, the fact that both groups N and G/N have P im-
plies that G also has P . It is shown that if all compact (countably compact) subsets of the groups
N and G/N are metrizable, then G has the same property. However, the result cannot be extended
to pseudocompact subsets, a counterexample exists under p = c. Another example shows that ex-
tensions of groups do not preserve the classes of realcompact, Dieudonné complete and μ-spaces:
one can find a pseudocompact, non-compact Abelian topological group G and an infinite, closed,
realcompact subgroup N of G such that G/N is compact and all functionally bounded subsets of
N are finite. Several examples given in the article destroy a number of tempting conjectures about
extensions of topological groups.
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Let P be a (topological, algebraic, or a mixed nature) property. We say that P is a
three space property if the following holds: whenever N is a closed invariant subgroup
of a topological group G and both N and G/N have P , the group G also has P . Com-
pactness, precompactness, pseudocompactness, completeness, connectedness and metriz-
ability are three space properties (see [12,27,39]). However, having a countable network,
σ -compactness, Lindelöfness, countable compactness, sequential compactness, sequential
completeness and ω-compactness are not three space properties (for the first three proper-
ties this follows from an example in [45], while for the last four properties, see [11]).
Here we study some properties of compact, countably compact, pseudocompact, and
functionally bounded sets which are preserved or destroyed when taking extensions of
topological groups. Extending the above terminology, we say that P is a three space prop-
erty for compact (countably compact) sets if all compact (countably compact) subsets of a
topological group G have P whenever G contains a closed invariant subgroup N such that
the compact (countably compact) subsets of both groups N and G/N have P .
In many cases, a given topological property P is a three space property by a purely
topological reason: P turns out to be an inverse fiber property (see Definition 2.1). In Sec-
tion 2, we present several inverse fiber properties and finish the section with Theorem 2.16
which contains a list of seventeen three space properties.
We apply Theorem 2.16 in Section 3 to show that metrizability is a three space prop-
erty for compact sets (see Theorem 3.2), which complements the fact that extensions of
topological groups preserve metrizability. In Corollary 3.3 we establish that metrizability
is a three space property for countably compact sets. However, one cannot extend this re-
sult to pseudocompact subsets: under p = c, there exist an Abelian topological group G
and a closed subgroup N of G such that all pseudocompact subspaces of N are finite, the
quotient group G/N is countable, but G contains a pseudocompact subspace of uncount-
able character (see Example 4.11). In addition, according to Example 3.4, metrizability of
separable subsets of compact sets (that is, ℵ0-monolithicity of compact sets) is not a three
space property.
In Section 4, we present several examples that destroy a number of tempting conjec-
tures about extensions of topological groups. A space X is called C-compact (P -compact,
B-compact) if every countably compact (pseudocompact, functionally bounded) subset
of X is compact. Similarly, we say that X is weakly C-compact (weakly P -compact,
weakly B-compact) if the closure of every countably compact (pseudocompact, function-
ally bounded) subset of X is compact. We also consider the classes of C-closed (P -closed,
B-closed) spaces in which all countably compact (pseudocompact, functionally bounded)
subsets are closed. It is worth mentioning that P -closed spaces are known as spaces with
the Preiss–Simon property, while weakly B-compact spaces are usually called μ-spaces.
We adopt a distinct terminology here just to provide the reader with a simple mnemonic
way of interpreting the terms.
We show in Examples 4.1 and 4.5 that the properties of being weakly P -compact,
weakly B-compact or B-closed are not three space properties. Example 4.1 also implies
that realcompactness and Dieudonné completeness are not three space properties either.
In Example 4.11 we construct, assuming that p = c, an Abelian topological group G and
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a closed subgroup N of G such that all pseudocompact subspaces of the groups N and
G/N are compact and metrizable, but G contains a pseudocompact subspace of uncount-
able character as well as a non-closed pseudocompact subspace. In particular, the class of
P -closed topological groups is not stable under extensions (if p = c holds).
The next diagram (see Table 1) presents more information on the behavior of various
properties under taking extensions of topological groups. For example, in the intersec-
tion of the second column (entitled “countably compact”) and the third line (started with
“closed”) we consider the property “all countably compact subsets are closed”, that is,
C-closedness. The conclusion is: Theorem 2.16 implies that C-closedness is a three space
property. If no reference to a specific result is given, then the preservation of a property
under extensions is trivial (or almost evident).
The diagram shows in a clear form how the stability of the properties decreases when
moving from the “compact” column to the “functionally bounded” column.
1.1. Notation and terminology
All topological groups we consider are assumed to be Hausdorff, and topological spaces
are Tychonoff. A supersequence in a space is an infinite compact subset with a single non-
isolated point. Clearly, every supersequence is a one-point compactification of an infinite
discrete set. A sequence {xn: n ∈ ω} is said to be trivial if it is eventually constant.
A space X is scattered if every non-empty subset of X contains an isolated point. Fol-
lowing [20] we say that X is left-separated if there exists a well ordering < on X such that
the set X<x = {y ∈ X: y < x} is closed in X for each x ∈ X.
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bounded in the real line R, for every continuous function f :X → R. It is clear that pseudo-
compact subspaces of X are functionally bounded, but not vice versa.
A subset Y of a space X is Gδ-dense in X if every non-empty Gδ-set in X intersects Y .
It is known that X is pseudocompact if and only if X is Gδ-dense in its ˇCech–Stone com-
pactification βX (see [18, 3.10.E(a)]).
A space X is called ω-bounded if every closed separable subset of X is compact or,
equivalently, the closure of every countable set is compact. Every ω-bounded space is
countably compact, but the converse is clearly false.
The character and pseudocharacter of a point x in a space X is denoted by χ(x,X) and
ψ(x,X), respectively. Similarly, if F ⊆ X, then χ(F,X) and ψ(F,X) are the character
and pseudocharacter of F in X. The weight, network weight, density and tightness of a
space X are denoted by w(X), nw(X), d(X), and t (X), respectively.
The neutral element of a group G is usually denoted by eG or simply e. A group G is
Boolean if x2 = e for each x ∈ G. All Boolean groups are Abelian. We will use additive
notation for Abelian groups. The subgroup of a group G generated by a set A ⊆ G is
denoted by 〈A〉. Given x ∈ G, we use 〈x〉 for the minimal subgroup of G which contains x.
If G is an abstract group and τ is a cardinal, G(τ) denotes the direct sum of τ copies of the
group G. The kernel of a homomorphism π :G → H is kerπ .
A topological group G is precompact if G can be covered by finitely many translates of
an arbitrary neighborhood of the identity. Every pseudocompact group is precompact by
[12, Theorem 1.1]. Similarly, a subset P of G is precompact if, for every neighborhood U
of the identity in G, there exists a finite subset F of G such that P ⊆ (F · U) ∩ (U · F).
A set P is precompact in G if and only if the closure of P in the completion G˜ of the group
G is compact. A topological group G will be called ω-narrow if, for every neighborhood
U of the identity in G, one can find a countable subset C of G such that G = C ·U (earlier,
the term ℵ0-bounded was used for the groups with this property, which was misleading in
occasions).
Given a set X and an infinite cardinal τ , we put [X]τ = {Y ⊆ X: |Y | = τ }, [X]<τ =
{Y ⊆ X: |Y | < τ } and [X]τ = [X]τ ∪[X]<τ . The cardinality of the continuum is denoted
by c, so c = 2ω. Finally, the minimal cardinality of a non-principal filter on ω without
pseudo-intersection is denoted by p (see [15,46]). It is known that the equality p = c is
equivalent to Martin’s Axiom restricted to σ -centered partially ordered sets (see [19]).
2. Inverse fiber properties and extensions of groups
We start with the following definition which plays an important role in this section.
Definition 2.1. A topological property P will be called an inverse fiber property if the
following holds:
(IFP) If f :X → Y is a continuous onto mapping such that the space Y and the fibers of f
have P , then X also has P .
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pact (countably compact), we say thatP is an inverse fiber property for compact (countably
compact) sets.
In the next two simple but important propositions we establish a relation between in-
verse fiber properties and three space properties.
Proposition 2.2. Every inverse fiber property is a three space property.
Proof. Suppose that N is a closed invariant subgroup of a topological group G and
that both groups N and G/N have an inverse fiber property P . Let π :G → G/N be
the quotient homomorphism. If y ∈ G/N , take an element x ∈ G with π(x) = y. Then
π−1(y) = xN is a homeomorphic copy of N , so the fiber π−1(y) has P for each y ∈ G/N .
Since P is an inverse fiber property, the space G also has P . 
Proposition 2.3. Let P be an inverse fiber property for compact (countably compact) sets.
Then P is a three space property for compact (countably compact) sets.
Proof. Apply the argument in the proof of Proposition 2.2 to a compact (countably com-
pact) subset of a topological group G. 
Below we present several inverse fiber properties (for compact sets). Let us start with
considering very simple compact sets.
Proposition 2.4. The following are inverse fiber properties:
(1) all compact (countably compact, pseudocompact) subsets are finite;
(2) all convergent sequences are trivial (that is, contrasequentiality);
(3) all supersequences have length less than a given cardinal τ  ω.
Proof. Let f :X → Y be a continuous onto mapping. In the case of compactness or
countable compactness, (1) is trivially an inverse fiber property. Suppose, therefore, that
all pseudocompact subsets of Y and of the fibers f−1(y) are finite. If P is a pseudo-
compact subset of X, then f (P ) ⊆ Y is pseudocompact, hence finite. This implies that
γ = {P ∩ f−1(y): y ∈ f (P )} is a finite partition of P into disjoint clopen subsets, so that
each element of γ is pseudocompact and finite. We conclude that P is finite as well.
Clearly, (2) is a special case of (3), so we only prove that (3) is an inverse fiber property.
Suppose that all supersequences in Y and in the fibers f−1(y) have length strictly less
than an infinite cardinal τ . Let S be a supersequence in X with a single non-isolated point
x0 ∈ X. Clearly, the image T = f (S) is either finite or a supersequence in Y . In either
case, |T | < τ . The set K = f−1(f (x0)) ∩ S is closed in S, so K is a supersequence (if
infinite). Therefore, by our assumptions, the set K ⊆ f−1(f (x0)) has cardinality strictly
less than τ . In addition, if y ∈ T \ {f (x0)}, then f−1(y)∩ S is a compact discrete set, so it
must be finite. We conclude that S is the union of at most |T | finite sets and of the set K
of cardinality less than τ . This immediately implies that |S| < τ . 
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interval I = [0,1]. The next result complements Proposition 2.4.
Proposition 2.5. The property of being path-free is an inverse fiber property.
Proof. Let f :X → Y be a continuous onto mapping. Suppose that X contains a topologi-
cal copy C of the interval I . If the image K = f (C) contains more than one point, then K
also contains a copy of the unit interval by [18, 6.3.12]. If |K| = 1, then C lies in a fiber
of f . This finishes the proof. 
Given an ordinal α, we endow it with the topology generated by the well ordering <
of α, that is, γ < β iff γ ∈ β . The following fact can be considered as a generalization of
Proposition 2.4(1).
Proposition 2.6. Let f :X → Y be a continuous onto mapping. If Y and the fibers of f
do not contain a copy of the space ω1, then neither does X. A similar conclusion remains
valid with ω1 + 1 in place of ω1.
Proof. It suffices to prove the proposition for ω1; the argument for ω1 + 1 is almost the
same. Suppose to the contrary that X contains a subspace P homeomorphic to ω1. If the set
F = P ∩f−1f (x) is uncountable for some x ∈ P , then F is a homeomorphic copy of ω1 in
the fiber f−1f (x), which is impossible. Hence the sets P ∩ f−1f (x) are countable for all
x ∈ P . Then one can find a closed unbounded subset C of P ∼= ω1 such that the restriction
of f to C is a homeomorphism of C onto f (C), which is again contradictory. 
Proposition 2.7. The following are inverse fiber properties:
(1) being scattered;
(2) being left-separated.
Proof. Both (1) and (2) follow directly from [42, Proposition 4]. 
The next result will be applied in Section 3 to show that metrizability is a three space
property for compact and countably compact sets.
Proposition 2.8. The first axiom of countability is an inverse fiber property for compact
and countably compact sets.
Proof. Let f :X → Y be a continuous onto mapping. It suffices to deduce the conclusion
for countably compact sets; the argument in the case of compact sets is even simpler.
Suppose that all countably compact subsets of the space Y and of the fibers f−1(y) are
first countable. Let C be a countably compact subspace of X. Then the image K = f (C)
is countably compact and, hence, satisfies χ(K)  ω. Take an arbitrary point x ∈ C and
put y = f (x). Then χ(y,K) ω. Let g = f C . Since the space K is first countable, g is
a closed mapping. The set Cx = g−1(y) = C ∩ f−1f (x) is countably compact as a closed
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that χ(x,C) ω by [18, 3.7.E]. This proves that χ(C) ω. 
Let Char(ω) be the following property of a space X: for every non-empty closed subset
F of X, there exists a point x ∈ F such that χ(x,F ) ω. An argument similar to that in
the above proof implies the next result:
Proposition 2.9. Char(ω) is an inverse fiber property for compact and countably compact
sets.
Let us recall that a space X is called C-closed if every countably compact subset of X
is closed [29]. It is easy to verify that the product of a finite family of C-closed spaces is
C-closed, that is, the property of being C-closed is finitely productive. We refine this result
in the proposition below.
Proposition 2.10. The property of being C-closed is an inverse fiber property.
Proof. Let f :X → Y be a continuous onto mapping such that the space Y and the fibers of
f are C-closed. Suppose to the contrary that C is a countably compact non-closed subset of
X and take a point x ∈ C \C. The set K = C ∩ f−1f (x) is countably compact as a closed
subset of C and, since the fiber f−1f (x) is C-closed, K is closed in X. Since x /∈ K , we
can choose an open neighborhood U of x in X such that U ∩ K = ∅. Then D = U ∩ C is
countably compact (as a closed subset of C) and x ∈ D \D. It follows from our choice of
U that D ∩K = ∅ and f (x) ∈ f (D) \ f (D), so f (D) is a non-closed, countably compact
subset of Y . This contradicts our assumption about Y . 
Another kind of an inverse fiber property for compact sets is given below. As usual, we
use BL to abbreviate Booth’s Lemma (see [30,19]).
Corollary 2.11. Suppose that BL or 2ω < 2ω1 holds. Then sequentiality is an inverse fiber
property for compact sets.
Proof. By [29, Theorem 1.24], a compact space is sequential iff it is C-closed, under the
assumption that BL or 2ω < 2ω1 holds. (Formally, Martin’s Axiom MA is required in [29]
instead of the weaker BL, but one can easily verify that only BL is applied there.) The
required conclusion now follows from Proposition 2.10. 
The next result concerns zero-dimensionality of compact subsets. Since the equalities
dimX = 0, indX = 0, and IndX = 0 are equivalent for a compact space X (see [18, The-
orem 7.1.11]), we do not specify which dimension is meant below.
Proposition 2.12. Zero-dimensionality is an inverse fiber property for compact sets.
Proof. Let f :X → Y be a continuous onto mapping of compact spaces and suppose
that the space Y and the fibers of f are zero-dimensional. Then f is closed and zero-
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X is also zero-dimensional (see [32]). 
Let us recall that a space X is C-compact if every countably compact subspace of X is
compact. It is known that many spaces of continuous real-valued functions endowed with
the pointwise convergence topology are C-compact [8]. It turns out that C-compactness is
stable when taking preimages with good fibers:
Proposition 2.13. C-compactness is an inverse fiber property.
Proof. Let f :X → Y be a continuous onto mapping and suppose that the space Y and the
fibers of f are C-compact. Consider an arbitrary countably compact subset C of X. Then
the image D = f (C) is a countably compact subspace of Y , so D is compact. In addition,
if y ∈ D, then Cy = C ∩ f−1(y) is countably compact as a closed subset of C. Hence
Cy ⊆ f−1(y) is compact. So, g = f C is a continuous mapping with compact fibers. Note
that the image g(K) = f (K) is compact (hence closed in Y and D) for every closed subset
K of C, so g :C → D is a perfect mapping. Since the image D = g(C) is compact, we
conclude that C is also compact. 
In Theorem 2.15 below we present two profound results about inverse fiber properties
for compact sets established by Arhangel’skii for the tightness and by Shapirovskiı˘ for
the dyadicity index, respectively. First, we recall the definition of the dyadicity index ∇
introduced in [40]. Given a space X, one defines
∇(X) = min{λ ω: there is no continuous mapping of X onto Iλ},
where I = [0,1] is the closed unit interval. The following fact is well known (see [4]).
Lemma 2.14. Let X be a compact space. Then X contains a topological copy of βω if and
only if ∇(X) > c.
The next result unifies Proposition 4.5 of [5] and Theorem 4◦ of [40].
Theorem 2.15. Let g :X → Y be a continuous onto mapping of compact spaces and τ
be an infinite cardinal. Suppose that Φ is either the tightness or dyadicity index and that
Φ(Y)  τ and Φ(g−1(y))  τ for each y ∈ Y . Then Φ(X)  τ as well. In other words,
the inequality Φ(·) τ is an inverse fiber property for compact sets.
Combining Proposition 2.2 with other results of this section, we obtain the list of sev-
enteen three space properties in the next theorem:
Theorem 2.16. Each of the following is a three space property:
(a) all compact (countably compact, pseudocompact) subsets are finite;
(b) contrasequentiality;
(c) all supersequences have length less than a given infinite cardinal τ ;
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(e) a group does not contain a copy of the ordinal space ω1;
(f) a group does not contain a copy of the ordinal space ω1 + 1;
(g) the property of being scattered;
(h) the property of being left-separated;
(i) all compact (countably compact) subsets are first countable;
(j) Char(ω);
(k) the property of being C-closed;
(l) sequentiality of compact subsets (under BL or 2ω < 2ω1 );
(m) zero-dimensionality of compact subsets;
(n) C-compactness;
(o) every compact subset K of a group satisfies t (K) τ ;
(p) every compact subset K of a group satisfies ∇(K) τ ;
(q) a group does not contain a copy of βω.
In the next section, we present two results about preservation of certain properties under
taking extensions of topological groups which fail to be inverse fiber properties (even for
compact sets).
3. Compact sets in extensions of groups
The Birkhoff–Kakutani theorem establishes the equivalence of metrizability and the
first axiom of countability for topological groups. Our first result is a “uniform” kind of the
Birkhoff–Kakutani theorem for compact subsets of topological groups.
Lemma 3.1. The following conditions are equivalent for a topological group G:
(a) every compact subspace of G is first countable;
(b) every compact subspace of G is metrizable.
Proof. It suffices to show that (a) implies (b). Suppose that X is a non-empty compact
subset of G. Consider the mapping j :G × G → G defined by j (x, y) = x−1y for all
x, y ∈ G. Clearly, j is continuous, so the image F = j (X × X) is a compact subset of G
which contains the identity e of G. The space F is first countable by our assumption, so
χ(e,F ) ω. Denote by f the restriction of j to X ×X. Then f−1(e) = Δ is the diagonal
in X ×X. Since f is a closed mapping, we have χ(Δ,X ×X) = χ(e,F ) ω. Therefore,
the compact space X is metrizable by [28, Corollary 7.6]. 
It is well known that metrizability is a three space property [27, 5.38 (e)]. It turns out
that an analogous assertion remains valid for compact subsets of topological groups. This
follows directly from Proposition 2.8 and Lemma 3.1:
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that all compact subsets of the groups N and G/N are metrizable. Then every compact
subset of G is also metrizable.
It is worth noting that metrizability of compact sets is not an inverse fiber property.
Indeed, the canonical projection p of the two arrows space X onto the closed unit interval
is continuous and two-to-one, so the image of X and the fibers of p are compact and
metrizable, while X is compact and w(X) = 2ω. Hence Theorem 3.2 reflects a special
behavior of compactness in topological groups. In the following result, we extend this
statement to countable compactness.
Corollary 3.3. Suppose that all countably compact subsets of the groups N and G/N are
metrizable. Then the same is true for the group G.
Proof. Clearly, the compact subsets of N and G/N are metrizable, so Theorem 3.2 implies
that all compact sets in G are also metrizable. In addition, since every countably compact
metrizable space is compact, it follows from Proposition 2.13 that all countably compact
subspaces of G are compact. The required conclusion is now immediate. 
A space X is called ℵ0-monolithic if the closure of every countable subset of X has a
countable network [4]. Clearly, a compact space X is ℵ0-monolithic if and only if every
closed separable subspace of X has countable weight or, equivalently, is metrizable. It fol-
lows from Uspenskij’s result in [45] that extensions of topological groups do not preserve
ℵ0-monolithicity. Let us show that the restriction of this property to compact sets is not
a three space property either. In other words, metrizability of separable compact sets fails
to be a three space property. This requires the use of a Franklin–Mrówka space briefly
described below (see also [18, 3.6.I]).
A family D is called almost disjoint if D ∩ E is finite for all distinct D,E ∈D. Given
an almost disjoint family D of subsets of ω, we say that D is maximal almost disjoint
(or a MAD family) if no almost disjoint family of subsets of ω contains D as a proper
subfamily. Clearly, every almost disjoint family in [ω]ω is contained in a MAD family. If
D is a MAD family in [ω]ω , one can introduce a Hausdorff topology in the set X = ω ∪D
by declaring the points of ω isolated in X and taking the sets {D} ∪ (D \ F) as basic open
neighborhoods of an element D ∈D in the space X, where F is an arbitrary finite subset
of ω. The space X is called a Franklin–Mrówka space. If D is infinite, then X is a locally
compact, pseudocompact, non-compact space [18, 3.6.I]. In particular, X is not metrizable.
Note that D is a closed discrete subset of X. Denote by αX the one-point compactification
of X. Then αX is a non-metrizable separable compact space, so it is not ℵ0-monolithic.
We use this space in the next example and in Section 4.
Example 3.4. The free Abelian topological group A(αX) over the compact space αX
contains a closed subgroup N such that the compact subsets of both groups N and
A(αX)/N are ℵ0-monolithic. However, αX is a compact subset of A(αX) which is not
ℵ0-monolithic.
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the mapping f :αX → ω + 1 defined by f (n) = n for each n ∈ ω and f (x) = ω for
each x ∈ αX \ ω. Clearly, f is continuous. Hence f admits an extension to a continuous
homomorphism ϕ :A(αX) → A(ω+ 1). Let N = kerϕ. Note that the homomorphism ϕ is
open since the mapping f is closed (see [1,6]). Therefore, the quotient group A(αX)/N
is topologically isomorphic to the group A(ω + 1). It is easy to see that N is contained in
the subgroup A(Y,αX) of the group A(αX) generated by the compact set Y = αX \ ω.
Evidently, Y is a one-point compactification of the discrete set D, so Y is ℵ0-monolithic.
Since Y is compact, the group A(Y,αX) is topologically isomorphic to the free Abelian
topological group A(Y) [31]. Hence all compact subsets of A(Y,αX) ∼= A(Y) are ℵ0-
monolithic by a result in [6]. The same assertion for compact subsets of the countable
group A(αX)/N ∼= A(ω + 1) is evident. This finishes our argument.
Remark 3.5. It is easy to see that all compact subsets of the groups N and G/N in Ex-
ample 3.4 are Eberlein compacta and, hence, have the Preiss–Simon property. However,
αX fails to be an Eberlein compact space: it contains the proper dense pseudocompact
subspace X.
4. Some counterexamples
Here we show that several finitely productive topological properties fail to be stable
with respect to taking extensions of topological groups.
We recall that a space X is weakly B-compact if every functionally bounded subset of X
has compact closure. Similarly, X is weakly P -compact if every pseudocompact subset of
X has compact closure. The space X is weakly C-compact if the closure of every countably
compact subset of X is compact. Clearly, we have:
weakly B-compact ⇒ weakly P -compact ⇒ weakly C-compact.
Our first example shows that extensions of topological groups do not preserve weak
B-compactness and weak P -compactness.
Example 4.1. There exist a pseudocompact non-compact Abelian topological group G and
a closed subgroup N of G such that G/N is compact and all functionally bounded subsets
of N are finite. Hence extensions of topological groups do not preserve either weak B-
compactness or weak P -compactness.
We will construct G as a dense pseudocompact subgroup of the group K × K , where
K = 2c and 2 = {0,1} is the discrete two-point group. First, let H be the group 2(ω) en-
dowed with the finest precompact group topology (that is, the Bohr topology generated
by all homomorphisms of 2(ω) to 2). Then the completion H˜ of H is a compact Boolean
topological group, so H˜ is topologically isomorphic to the group 2τ for some cardinal τ
with ω τ  c [27,33]. In fact, τ = c by [16, 10.1] or [14, Theorem 5.1(a)]; hence we can
identify H with a countable dense subgroup of K . In addition, all functionally bounded
subsets of H are finite by [15, Theorem 1.1.3(a)] or [26, Theorem 1].
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{(x, g(x)): x ∈ K} of g be Gδ-dense in K × K . Denote by [c]ω the family of all non-
empty countable subsets of c. It is clear that |[c]ω| = c. For every non-empty A ⊆ c and
u ∈ 2A, let C(A,u) = π−1A (u), where πA : 2c → 2A is the projection. The family F =
{C(A,u): A ∈ [c]ω, u ∈ 2A} also has the cardinality c. Let {(Dα,Eα): α < c} be an
enumeration of the family F ×F . By recursion on α < c, one can define a family of pairs
{(xα, yα): α < c} ⊆ K ×K satisfying the following conditions for each α < c:
(i) xα ∈ Dα and yα ∈ Eα ;
(ii) xα /∈ 〈Xα〉 and yα /∈ 〈Yα〉, where Xα = {xν : ν < α} and Yα = {yν : ν < α}.
Condition (ii) is easy to fulfill since both sets Dα and Eα have the cardinality 2c. Let
X = {xα: α < c} and Y = {yα: α < c}. Define a mapping f :X → Y by f (xα) = yα , for
each α < c. From (ii) it follows that each of the sets X and Y is linearly independent over
Z(2) in K . Hence f extends to a homomorphism of 〈X〉 onto 〈Y 〉 which we denote by the
same letter f . Since every subgroup of the Boolean group K is a direct summand in K
[38, Section 4.2], we can extend f to a homomorphism g :K → K . Then the group
P = {(x,g(x)): x ∈ K}
is Gδ-dense in K × K . Indeed, let Z be a non-empty Gδ-set in K × K . There exist non-
empty countable subsets A and B of c and points u ∈ 2A, v ∈ 2B such that C(A,u) ×
C(B,v) ⊆ Z. Then (C(A,u),C(B,v)) = (Dα,Eα) for some α < c, so (i) implies that
(xα, yα) ∈ Dα ×Eα ⊆ Z and, hence, P ∩Z = ∅.
Let 0¯ be the neutral element of K . We define the group G as the sum G = P + N ,
where N = {0¯} × H . Denote by p the projection of K × K onto the first factor. Clearly,
p(G) = p(P ) = K . It is easy to verify that G∩ ({0¯}×K) = N , so N is closed in G. Since
N is dense in {0¯} ×K = kerp, it follows from [23, Lemma 1.3] that the restriction of p to
G is an open homomorphism of G onto K . Hence the quotient group G/N is topologically
isomorphic to the compact group K .
It remains to note that the group G is pseudocompact. First, P is a Gδ-dense subgroup
of the compact group K×K , so [12, Theorem 1.2] implies that P is pseudocompact. Since
P ⊆ G ⊆ K × K , the group G is also pseudocompact. Note that G is a proper subgroup
of K ×K since the restriction of the projection p :K ×K → K to G has countable fibers.
As G is dense in K × K , it cannot be compact. Thus G is a functionally bounded subset
of itself whose closure (in G) is not compact. This shows that weak B-compactness is
not a three space property. Since every pseudocompact subspace of N ∼= H is functionally
bounded in N (hence finite), we also conclude that extensions of topological groups do not
preserve weak P -compactness.
Remark 4.2. The countable subgroup N of the group G in Example 4.1 is evidently re-
alcompact and, hence, Dieudonné complete. Since the quotient group G/N is compact,
we conclude that extensions of topological groups preserve neither realcompactness nor
Dieudonné completeness.
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The next result describes B-closed topological groups.
Lemma 4.3. A topological group G is B-closed if and only if all functionally bounded
subsets of G are finite.
Proof. Suppose that G contains an infinite functionally bounded subset X. We claim that
the closure of the set
P = {x−1y: x, y ∈ X, x = y}
contains the identity e of G. If not, choose an open symmetric neighborhood U of e in G
such that U4 ∩P = ∅. An easy verification shows that the family of open sets {xU : x ∈ X}
is discrete in G. Clearly, each element of this family intersects X. However, only finitely
many elements of a discrete family of open sets in G can meet a functionally bounded set,
which gives a contradiction. Hence e is in the closure of P and P is dense in X−1X =
P ∪ {e}.
Evidently, X−1 is functionally bounded in G, and so is the product X−1X by [43, Corol-
lary 1]. Since e /∈ P ⊆ X−1X, we conclude that P is a non-closed functionally bounded
subset of G. This proves the necessity of the condition. The sufficiency is evident. 
Another way to prove Lemma 4.3 is to note that functionally bounded subsets of a
topological group are precompact and apply [43, Corollary 1] together with Protasov’s
theorem in [37]: if X is an infinite precompact subset of a topological group G, then the
set X−1X contains a countable, discrete, non-closed subset of G.
Our next aim is to show that the class of B-closed groups is not stable under taking
extensions. This requires an auxiliary fact given below.
Lemma 4.4. There exists a dense subgroup H of 2c satisfying the following conditions:
(a) |H | = c;
(b) all functionally bounded subsets of H are finite;
(c) |kerf | = c, for every continuous homomorphism f :H → P to a first countable
group P .
Proof. Let X be a set satisfying |X| = c. Denote by HX the family of all finite subsets of
X with the binary operation AB = (A \ B) ∪ (B \ A), the symmetric difference of A
and B , where A,B ∈ HX . Then HX is a Boolean group of the cardinality c whose identity
is the empty set. Given a homomorphism ϕ :HX → 2 and a subset Y of X, we say that
ϕ depends only on Y if ϕ({x}) = 0 for each x ∈ X \ Y . Denote by F the family of all
homomorphisms of HX to 2 that depend only on a countable subset of X. It is easy to
see that |F | = c. Let τ be the coarsest group topology on HX which makes continuous
all homomorphisms from F . Then HX = (HX, τ) is a precompact Hausdorff topological
group and w(HX) |F | = c. Hence its completion H˜X is topologically isomorphic to the
group 2λ, for some cardinal λ satisfying ω  λ  c. Since every element of F depends
only on countably many indices, the pseudocharacter of the neutral element 0¯ of HX is
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to consider H = HX as a dense subgroup of 2c.
Clearly, |HX| = c, thus implying (a) of the lemma. To deduce (b), we argue as follows.
First, for every non-empty subset Y of X, let pY :HX → HY be defined by pY (A) = A∩Y
for each A ∈ HX , where HY is the Boolean group of all finite subsets of Y . Clearly, pY
is a homomorphic retraction of HX onto its subgroup HY . Our definition of the topology
τ on HX implies that pY is continuous (when HY is taken with the subspace topology)
and, in particular, HY is closed in HX . Note also that, for countable Y ⊆ X, the group
HY is countable and carries the Bohr topology. Hence all functionally bounded subsets of
HY are finite by [16, Theorem 1.1.3]. Let K be an infinite subset of HX . We can assume
without loss of generality that K is countable. Then there exists a countable subset Y of X
such that A ⊆ Y for each A ∈ K . Since K is infinite, there exists a continuous real-valued
function f on HY such that f (K) is an unbounded subset of the reals. Then g = f ◦pY is
a continuous function on HX and g(K) = f (K) is unbounded in R. This implies (b).
Finally, let us verify (c). Let f :HX → P be a continuous homomorphism to a first
countable topological group P . Then the kernel of f is of type Gδ in HX and, since the
family F generates the topology HX , we can find a countable family {fn: n ∈ ω} ⊆F such
that
⋂
n∈ω kerfn ⊆ kerf . Each fn depends only on a countable subset of X, so there exists
a countable set C of X such that HX\C ⊆ kerf . Evidently, |kerf | |HX\C | = |X\C| = c,
whence (c) follows. 
Example 4.5. There exist a precompact Boolean group G and an infinite, closed, function-
ally bounded subgroup N of G such that both groups N and G/N ∼= N are B-closed. In
particular, G fails to be B-closed, so B-closedness is not a three space property.
Similarly to that in Example 4.1, we shall define G to be a dense subgroup of the prod-
uct group K × K , where K = 2c. Let H be a dense subgroup of K as in Lemma 4.4. Put
N = {0¯}×H , where 0¯ is the neutral element of K . Our aim is to define an algebraic homo-
morphism ϕ :H → K and to take G = N +P , where P = {(y,ϕ(y)): y ∈ H } is the graph
of ϕ. For every A ⊆ c, let πA : 2c → 2A be the projection and 0¯A be the neutral element of
the group 2A. To guarantee the functional boundedness of N in G, the homomorphism ϕ
has to satisfy the following condition:
(a) For every non-empty countable set A ⊆ c and every x ∈ 2A, there exists y ∈ H such
that πA(y) = 0¯A and πA(ϕ(y)) = x.
Consider the family
γ = {(A,x): ∅ = A ⊆ c, |A| ω, x ∈ 2A}.
It easy to see that |γ | = c, so we can write γ = {(Aα, xα): α < c}. One can define by
recursion two sets Y = {yα: α < c} ⊆ H and Z = {zα: α < c} ⊆ K satisfying the following
conditions for each α < c:
(i) yα /∈ 〈Yα〉, where Yα = {yν : ν < α};
(ii) πAα(yα) = 0¯Aα ;
(iii) πAα(zα) = xα .
2292 M. Bruguera, M. Tkachenko / Topology and its Applications 153 (2006) 2278–2302Such a construction is possible since |π−1A (0¯A)∩H | = c for each countable set A ⊆ c (see
(c) of Lemma 4.4). It follows from (i) that the set Y is algebraically independent in K .
Hence there exists a homomorphism p : 〈Y 〉 → K such that p(yα) = zα for each α < c.
Since the group H is Boolean, p admits an extension to a homomorphism ϕ :H → K .
Note that (a) immediately follows from (ii), (iii) and our definition of ϕ.
Let P = {(y,ϕ(y)): y ∈ H } be the graph of ϕ and G = N + P . It is easy to verify that
G∩ ({0¯} ×K) = N = {0¯} ×H , where H is dense in K . Hence the quotient group G/N is
topologically isomorphic to the projection of G onto the first factor of the product K ×K ,
that is, G/N ∼= H ∼= N . In particular, all functionally bounded subsets of G/N are finite,
so G/N is B-closed. Note that the density of H in K implies that G = N + P is dense in
K ×K .
It remains to show that N is functionally bounded in G. It follows from (a) that
(πA × πA)(G) ⊇ (πA × πA)(P ) ⊇ {0¯A} × 2A,
for each countable set A ⊆ c. It is also clear that
(πA × πA)(N) = {0¯A} × πA(H) ⊆ {0¯A} × 2A.
In other words, for every countable A ⊆ c, the set (πA ×πA)(N) is contained in a compact
subset of (πA × πA)(G). Let f be a continuous real-valued function on G. Since G is
dense in K × K = 2c × 2c, it follows from [2,7] that f depends on at most countably
many coordinates or, equivalently, one can find a non-empty countable set A ⊆ c and a
continuous real-valued function g on (πA ×πA)(G) such that f = g ◦ (πA ×πA)G. Since
(πA × πA)(N) is contained in a compact subset of (πA × πA)(G), the image f (N) =
g((πA × πA)(N)) is a bounded subset of the reals.
Finally, since N is infinite, it follows from Lemma 4.3 that G fails to be B-closed.
In fact, one can avoid the use of Lemma 4.3 by noting that N \ {(0¯, 0¯)} is a non-closed
functionally bounded subset of G.
By item (n) of Theorem 2.16, extensions of topological groups preserve C-compactness.
In the next example we show that this is no more valid for P -compactness.
Example 4.6. There exist an Abelian topological group G and a closed subgroup K of
G such that all pseudocompact subspaces of the groups K and G/K are compact, but G
contains a closed, pseudocompact, non-compact subspace of uncountable character. Hence
extensions of topological groups do not preserve either P -compactness or first countability
of pseudocompact subspaces.
Let X = ω ∪D be a Franklin–Mrówka space considered in Example 3.4 and f :αX →
ω + 1 be the mapping defined by f (n) = n for each n ∈ ω and f (x) = ω for each
x ∈ αX \ ω. Since f is closed and onto, it extends to a continuous open homomorphism
f˜ :A(αX) → A(ω+ 1). Denote by G the subgroup of A(αX) generated by the set X, that
is, G = A(X,αX) and let N = kerϕ and K = G ∩ N . Evidently, A(ω + 1) ∼= A(αX)/N .
It is easy to see that
N =
{
n∑
(xi − yi): n ∈ ω, xi, yi ∈ αX \ω for each i  n
}
(1)i=1
M. Bruguera, M. Tkachenko / Topology and its Applications 153 (2006) 2278–2302 2293and
K =
{
n∑
i=1
(xi − yi): n ∈ ω, xi, yi ∈ X \ω for each i  n
}
. (2)
Since X is dense in αX, from (1) and (2) it follows that K is dense in N . Hence the
quotient group G/K is topologically isomorphic to the image ϕ(G) = A(ω + 1) (see [23,
Lemma 1.3]). Since the group A(ω + 1) is countable, all pseudocompact subspaces of
A(ω + 1) are compact and metrizable. Let Y = αX \ ω. Since ω is open in αX, the set Y
is compact. In fact, Y is homeomorphic to the one-point compactification of the discrete
set D. We claim that every pseudocompact subspace of A(Y,αX) is compact.
For every n ∈ ω, denote by An(αX) the subspace of A(αX) which consists of the el-
ements having the reduced length  n with respect to the basis αX. Note first that Y is
an Eberlein compact space (see [3, Example 4]). The subspace Z = A(Y,αX) ∩ A1(αX)
of A(αX) is homeomorphic to the topological sum Y ⊕ {e} ⊕ (−Y), where e is the neu-
tral element of A(αX). Hence Z is also an Eberlein compact space by [3, Proposition 3].
Let also T = A1(αX). For an integer n  1, let in :T n → A(αX) be the multiplication
mapping, in(x1, . . . , xn) = x1 · · ·xn for all x1, . . . , xn ∈ T . Clearly, in is continuous and
in(Z
n) is the set of all elements in A(Y,αX) which have reduced length  n with respect
to Y . Let P be a pseudocompact subspace of A(Y,αX). Then [13, Lemma 2.4] implies
that P ⊆ in(Zn) for some n 1. By [3, Proposition 4], Zn is an Eberlein compact space,
and so is its continuous image in(Zn) (see [10]). Finally, every pseudocompact subspace
of an Eberlein compact space is closed and compact by Preiss–Simon’s theorem [41]. This
proves our claim.
Note that K ⊆ N ⊆ A(Y,αX), so all pseudocompact subspaces of the group K are also
compact. However, X is a closed, pseudocompact, non-compact subspace of the group
G = A(X,αX). Furthermore, we claim that P = G ∩ A2(αX) is a pseudocompact sub-
space of G which has uncountable character. Indeed, note that S = X ⊕ {e} ⊕ (−X) is a
locally compact, pseudocompact subspace of G, so S2 and P = i2(S2) are pseudocompact
(see [21]). Suppose to the contrary that P is first countable and consider the natural con-
tinuous monomorphism ψ :A(X) → A(αX). The above argument implies that A2(X) is a
pseudocompact subspace of A(X). Clearly, ψ(A2(X)) = P , so the restriction ψ˜ =ψA2(X)
is a continuous bijection of the pseudocompact space A2(X) onto the regular first countable
space P . In particular, all pseudocompact subsets of P are closed. Hence ψ˜ is a homeo-
morphism by [8, Lemma 5.10] and A2(X) is first countable. But then the pseudocompact
space X is compact and metrizable by [47, Theorem 3.3]. This contradiction shows that P
cannot be first countable.
Our next step is to show that, under p = c, extensions of topological groups can destroy
metrizability of pseudocompact subspaces. First, we prove two combinatorial lemmas that
will be applied in Proposition 4.9 to construct a special Franklin–Mrówka space X. In its
turn, the space X will be used in Example 4.11. Let us recall that A ⊆∗ B means that A \B
is finite.
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|γ | < p. Then there exists an infinite set D ⊆ E such that for each P ∈ γ , either D ⊆∗ P
or D ⊆∗ ω \ P .
Proof. One can assume, taking the traces of the elements of γ on E, that E = ω. Then the
family
λ = γ ∪ {ω \ P : P ∈ γ }
satisfies |λ| < p. Let us say that a family F has the strong intersection property if the
intersection of every finite subfamily of F is infinite (then, in particular, all elements of F
are infinite). Choose a maximal subfamily γ0 of λ with the strong intersection property;
the existence of such a subfamily follows from the Hausdorff maximality principle. We
claim that for every P ∈ γ , either P ∈ γ0 or ω \ P ∈ γ0 holds. Indeed, if P /∈ γ0, there are
elements P1, . . . ,Pn in γ0 such that P ∩⋂ni=1 Pi is finite. This implies that ⋂ni=1 Pi ⊆∗
ω \ P and, hence, the family {ω \ P } ∪ γ0 has the strong intersection property. Therefore,
ω \ P ∈ γ0, as claimed.
Since |γ0| < p, the family γ0 has a non-trivial pseudointersection D, that is, D ⊆ ω is
infinite and satisfies D ⊆∗ P for each P ∈ γ0. Take an arbitrary P ∈ γ . If P ∈ γ0 then
D ⊆∗ P by our choice of D. If P /∈ γ0 then it follows from the above claim that ω \P ∈ γ0
and, hence, D ⊆∗ ω \ P . This finishes the proof. 
Lemma 4.8. Suppose that p = c holds. Let λ be an almost disjoint subfamily of [ω]ω
satisfying |λ| < c and {(Kn,Ln): n ∈ ω} be a sequence such that Kn,Ln ∈ λ and Kn = Ln
for each n ∈ ω. Then there exists an infinite set P ⊆ ω satisfying the following conditions:
(i) for each D ∈ λ, either D ⊆∗ P or D ⊆∗ ω \ P ;
(ii) the set I = {n ∈ ω: Kn ⊆∗ P and Ln ⊆∗ ω \ P } is infinite.
Proof. Let λ = {Dβ : β < α}, where α < c. Then, for every n ∈ ω, there exist distinct
ordinals βn, γn < α such that Kn = Dβn and Ln = Dγn . Put R = {βn: n ∈ ω} and S =
{γn: n ∈ ω}. We can assume without loss of generality that the sets R and S are infinite
and disjoint. Indeed, suppose that one of the two sets is finite, say R. Choose an infinite
subset I of ω and an ordinal β ∈ R such that βn = β for each n ∈ I . Since the family λ
is almost disjoint, one can simply take P = Dβ , thus implying (i) and (ii). If both sets R
and S are infinite, we can choose an infinite subset J of ω such that the corresponding sets
RJ = {βn: n ∈ J } and SJ = {γn: n ∈ J } are disjoint.
We define a partially ordered set (R,) as follows. First, let
R= {(F,C,ϕ): F ∈ [α \R]<ω & C ∈ [R]<ω & ϕ :C → [ω]<ω}.
Given two elements (F,C,ϕ) and (F ′,C′, ϕ′) of R, we put (F ′,C′, ϕ′) (F,C,ϕ) if the
following hold:
(a) F ⊆ F ′, C ⊆ C′, and ϕ′C = ϕ;
(b) (∀β ∈ F)(∀γ ∈ C′ \C)[Dβ ∩Dγ ⊆ ϕ′(γ )].
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ϕ :C → [ω]<ω, let
RC,ϕ =
{
(F,C,ϕ): F ∈ [α \R]<ω}.
The set RC,ϕ is evidently centered in (R,), so that
R=
⋃{RC,ϕ : C ∈ [R]<ω, ϕ :C → [ω]<ω}
is σ -centered.
For every β ∈ α \R and δ ∈ R, put
Xβ,δ =
{
(F,C,ϕ) ∈R: β ∈ F & δ ∈ C}.
We claim that the sets Xβ,δ are open and dense in (R,). Let (F,C,ϕ) ∈R and β ∈ α \R,
δ ∈ R be arbitrary. Put F ′ = F ∪ {β}. Then, obviously, F ′ ∈ [α \ R]<ω , (F ′,C,ϕ) ∈ R
and (F,C,ϕ)  (F ′,C,ϕ). If δ ∈ C, then (F ′,C,ϕ) ∈ Xβ,δ and we are done. Otherwise
put C′ = C ∪ {δ} and define ϕ′ :C′ → [ω]<ω by ϕ′(γ ) = ϕ(γ ) for each γ ∈ C and ϕ′(δ) =
Dδ ∩⋃{Dν : ν ∈ F ′}. It is easy to see that (F ′,C′, ϕ′) ∈ Xβ,δ and (F ′,C′, ϕ′) (F ′,C,ϕ).
Therefore, Xβ,δ is dense in (R,). Evidently, Xβ,δ is open in (R,).
Let G be a filter in (R,) which intersects each of the sets Xβ,δ . Denote by F ∗, C∗ and
ϕ∗ the union of the first, second and third components of the elements of G, respectively.
Our choice of G implies that F ∗ = α \R and C∗ = R. Since G is a filter, we conclude that
ϕ∗ :R → [ω]<ω is a function. We claim that the set
P =
⋃
γ∈R
(
Dγ \ ϕ∗(γ )
)
is as required. It is clear that P is an infinite subset of ω and Dγ ⊆∗ P for each γ ∈ R. It
remains to show that |P ∩Dβ | <ω for each β ∈ α \R.
Take an arbitrary ordinal β ∈ α \ R and choose an element (F,C,ϕ) ∈ G such that
β ∈ F (this is possible since the sets Xβ,δ are dense and open). We claim that
P ∩Dβ ⊆ Dβ ∩
⋃
δ∈C
Dδ. (∗)
Suppose the contrary and choose k ∈ (P ∩ Dβ) \⋃δ∈C Dδ . Then there exists γ ∈ R such
that k ∈ Dγ \ ϕ∗(γ ). Clearly, k ∈ Dβ ∩ Dγ , so our choice of k implies that γ /∈ C. There
exists an element (F ′,C′, ϕ′) ∈ G such that γ ∈ C′ and (F ′,C′, ϕ′)  (F,C,ϕ). Then
C ⊆ C′, ϕ∗C′ = ϕ′, and Dν ∩ Dδ ⊆ ϕ′(δ) for all ν ∈ F and δ ∈ C′ \ C. In particular,
Dβ ∩ Dγ ⊆ ϕ′(γ ) = ϕ∗(γ ), whence it follows that k ∈ Dβ ∩ Dγ ⊆ ϕ∗(γ ). This, however,
contradicts the fact that k ∈ Dγ \ ϕ∗(γ ). So the inclusion (∗) is proved.
Finally, since the family {Dν : ν < α} is almost disjoint and β /∈ R ⊇ C, we conclude,
by (∗), that the set P ∩Dβ is finite. This completes the proof. 
Proposition 4.9. Under p = c, there exists a MAD family D ⊆ [ω]ω such that the corre-
sponding Franklin–Mrówka space X = ω ∪D has the property that, for every infinite set
S = {(xn, yn): n ∈ ω} ⊆ (D×D) \ Δ, there exists a continuous function h :X → {0,1}
such that the set {n ∈ ω: h(xn) = h(yn)} is infinite. Therefore, no sequence in (D×D) \Δ
converges to the diagonal Δ in X ×X.
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functions from B to c. Let also
F = {(f, g): f,g ∈ cB, B ∈ [ω]ω, and f (n) = g(n) for each n ∈ B}.
Then |F | = c, so there exists an enumeration F = {(fα, gα): ω  α < c} such that each
pair (fα, gα) satisfies
(i) fα(n) < α and gα(n) < α for each n ∈ Bα = dom(fα) = dom(gα).
We will define two subfamilies D = {Dα: α < c} and P = {Pα: α < c} of [ω]ω satisfying
the following conditions for each α < c:
(1) Aα ∩Dβ is infinite for some β  α;
(2) Dβ ∩Dα is finite for each β < α;
(3) for every β < α, either Dα ⊆∗ Pβ or Dα ⊆∗ ω \ Pβ ;
(4) for every β  α, either Dβ ⊆∗ Pα or Dβ ⊆∗ ω \ Pα ;
(5) the set {n ∈ Bα: Dfα(n) ⊆∗ Pα and Dgα(n) ⊆∗ ω \ Pα} is infinite if α  ω.
Conditions (1) and (2) guarantee that D is a MAD family in [ω]ω . Conditions (3) and
(4) imply that the function hα :ω → {0,1} defined by hα(n) = 1 iff n ∈ Pα extends to
a continuous function h˜α on X. This, together with (5), will imply that the set {n ∈
Bα: h˜α(Dfα(n)) = h˜α(Dgα(n))} is infinite. Then no sequence in (D×D) \Δ can converge
to the diagonal Δ in X ×X.
It is easy to define a family {Dn: n ∈ ω} of infinite subsets of ω satisfying (1) and (2).
For every n ∈ ω, let Pn = Dn. Then the families {Dn: n ∈ ω} and {Pn: n ∈ ω} satisfy
(1)–(5) at this stage.
Suppose that, for some α ∈ ω1 \ ω, we have defined two families {Dβ : β < α} and
{Pβ : β < α} of infinite subsets of ω satisfying (1)–(5). First, let us define a set Dα satisfy-
ing (1)–(3). If Aα ∩ Dβ is finite for each β < α, we can choose, applying Lemma 4.7, an
infinite subset Dα of Aα satisfying (3). Then (1) and (2) are fulfilled trivially. Suppose that
Aα ∩ Dβ is infinite for some β < α. Note that the family {ω \ Dν : ν < α} has the strong
intersection property (that is, the intersection of each finite subfamily of this family is in-
finite), so we can apply Booth’s Lemma (which follows from p = c) to choose an infinite
subset E of ω such that E ∩Dβ is finite for each β < α. Then, by Lemma 4.7, there exists
an infinite set Dα ⊆ E satisfying (3). It is clear that (1) and (2) are fulfilled as well.
Finally, we apply Lemma 4.8 to choose an infinite set Pα ⊆ ω satisfying (4) and (5).
Then the families {Dβ : β  α} and {Pβ : β  α} satisfy (1)–(5). This finishes our recursive
construction and the proof of the proposition. 
Given a space X and a natural number n, we denote by An(X) the subspace of the free
Abelian topological group A(X) which consists of all words of reduced length  n with
respect to the basis X. It is well known that An(X) is closed in A(X) for each n ∈ ω (see
[25] or [6]). We need the following simple fact.
Lemma 4.10. If a space X is scattered, then so is An(X) for each n ∈ ω.
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tains an isolated point. Denote by k the maximal integer such that P \Ak(X) is non-empty.
Then k < n, P ⊆ Ak+1(X) and O = P \ Ak(X) is an open non-empty subspace of P . Let
A1(X) = X ⊕ {e} ⊕ (−X) be the subspace of A(X) consisting of the words of length  1,
where e is the neutral element of A(X). Clearly, A1(X) is scattered. The multiplication
mapping ik+1 :A1(X)k+1 → Ak+1(X) defined by ik+1(y1, . . . , yk+1) = y1 + · · · + yk+1 is
continuous and onto. Take an arbitrary element g = ε1x1 + · · · + εk+1xk+1 in O , where
εi = ±1 and xi ∈ X for each i  k + 1. Choose open neighborhoods U1, . . . ,Uk+1 of
x1, . . . , xk+1, respectively, such that Ui ∩ Uj = ∅ if xi = xj . Then Og = ε1U1 + · · · +
εk+1Uk+1 is an open neighborhood of g in Ak+1(X) disjoint from Ak(X) and the restric-
tion of ik+1 to the open subspace W = ε1U1 × · · · × εk+1Uk+1 of A1(X)k+1 is an open
finite-to-one mapping of W onto Og (see [6]). Note that the space A1(X)k+1 and its sub-
space W are scattered, and so is Og = ik+1(W). Hence the set Og ∩O contains an isolated
point which is clearly isolated in P . This finishes the proof of the lemma. 
Example 4.11. Under p = c, there exist a locally compact, pseudocompact, non-compact
space X and a closed subgroup N of the free Abelian topological group A(X) such that
the quotient group A(X)/N is countable and all pseudocompact subspaces of N are finite.
Therefore, A(X) contains a closed, non-metrizable, pseudocompact subspace while N and
A(X)/N do not. In addition, A(X) contains a non-closed pseudocompact subspace.
To start with, choose a MAD family D of infinite subsets of ω as in Proposition 4.9 and
consider the Franklin–Mrówka space X = ω∪D (we use p = c here). Let us show that the
subgroup A(D,X) of A(X) generated by the set D does not contain infinite pseudocom-
pact subspaces.
Suppose to the contrary that P is an infinite pseudocompact subspace of A(D,X). Then
P ⊆ An(X) for some n ∈ ω (see [13, Lemma 2.4]), so Lemma 4.10 implies that An(X) and
its subspace P are scattered. Denote by D the set of all isolated points in P . Then D is an
infinite dense subset of P and the complement P ′ = P \D is not empty. Let x be an isolated
point of P ′. Choose an open neighborhood U of x in P such that the closure K = clP (U)
does not intersect the closed set P ′ \ {x}. The space K is pseudocompact as a regular
closed subset of the pseudocompact space P . We also have K ∩D ⊆ U , so the discrete set
U \ {x} has the single accumulation point x in K . In view of the pseudocompactness of K ,
this implies that every neighborhood of x in K contains all but finitely many points of U .
We have thus proved that K = U ∪ {x} is the one-point compactification of U . Since U
is infinite, K contains non-trivial sequences converging to x. From [17, Theorem 3.1] (or
the Abelian version of [13, Lemma 4.8]) it follows that the subspace A2(D,X) = A2(X)∩
A(D,X) of the group A(D,X) contains a non-trivial sequence converging to the neutral
element e of A(X), where A2(X) is the set of all elements of A(X) that have the reduced
length less than or equal to 2. Let T = {xn −yn: n ∈ ω} be such a sequence, where xn, yn ∈
D and xn = yn for each n ∈ ω. Then the set S = {(xn, yn): n ∈ ω} ⊆ (D×D)\Δ is infinite,
so we can apply Proposition 4.9 to find a continuous function h :X → {0,1} such that
h(xn) = h(yn) for infinitely many n. Let d be a pseudometric on X defined by d(x, y) =
|h(x)− h(y)| for all x, y ∈ X. Then d is continuous and, by Pestov’s result in [36], the set
O = {x − y: x, y ∈ X, d(x, y) < 1}
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h takes only the values 0 and 1, we have O = {x − y: x, y ∈ X, h(x) = h(y)}. Therefore,
the set {n ∈ ω: h(xn) = h(yn)} is finite, which is a contradiction. This proves that all
pseudocompact subspaces of A(D,X) are finite.
Let f :X → ω + 1 be the mapping defined by f (n) = n if n ∈ ω and f (x) = ω if
x ∈ D. It is easy to see that f is continuous and closed, so it extends to a continuous
open homomorphism fˆ :A(X) → A(ω + 1) (see [22]). Clearly, N = ker fˆ is a closed
subgroup of A(X) and N ⊆ A(D,X). Therefore, all pseudocompact subspaces of N are
finite. Since fˆ is open, the quotient group A(X)/N is topologically isomorphic to the
countable group A(ω+ 1). So every pseudocompact subspace of A(ω+ 1) is compact and
metrizable. However, X is a pseudocompact, non-compact, non-metrizable subspace of the
group A(X).
Finally, we claim that the subspace P = A2(X) \ {e} of A(X) is pseudocompact and
non-closed. Note that A2(X) is pseudocompact since X is locally compact and pseudo-
compact (see the argument in Example 4.6). Let P ′ be the set of isolated points in P and
D be a countable infinite subset of P ′. It suffices to verify that D has an accumulation
point in P . Suppose not. Since A2(X) is closed and pseudocompact, e is the unique accu-
mulation point of D in A2(X). Hence D∗ = D ∪ {e} is pseudocompact as a regular closed
subset of the pseudocompact space A2(X). Since D∗ ⊆ P ′ ⊆ A(D,X), this contradicts the
fact that all pseudocompact subspaces of A(D,X) are finite.
In Example 4.13 below we show that extensions of topological groups do not preserve
weak C-compactness. First, we need a lemma.
Lemma 4.12. Let K be an arbitrary ω-narrow (Abelian) topological group with w(K) c.
Then one can find a topological monomorphism i :K → H of K to a direct product
H =∏α∈AHα of second countable (Abelian) topological groups, where |A|  c, and a
countable dense subgroup S of H such that the intersection S ∩ i(K) is trivial.
Proof. Since the group K is ω-narrow, there exists a topological monomorphism p of K
to a direct product P =∏β∈B Pβ of second countable topological groups (see [24] or [44,
Theorem 3.4]). Since w(K)  c, we can assume without loss of generality that |B|  c.
Put H = P × T, where T is the circle group. Clearly, p(K) × {0} is a copy the group K
in H , where 0 is the neutral element of T. In other words, the mapping i :K → H defined
by i(x) = (p(x),0) for each x ∈ K is a topological monomorphism and i(K) = p(K) ×
{0}. Let C be a countable, dense, independent subset of T which consists of elements
of infinite order. Modify the proof of the Hewitt–Marczewski–Pondiczery theorem (see
[18, Theorem 2.3.15]) and define a countable dense subset D of H = P × T such that
the restriction to the set D of the projection π :P × T → T is a bijection of D onto C.
Let S = 〈D〉 be the subgroup of H generated by D. Then S is countable and dense in H .
Since the set C = π(D) is algebraically independent, the restriction of π to S has the trivial
kernel. This and the inclusion i(K) ⊆ P ×{0} together imply that the intersection S∩ i(K)
contains only the neutral element of H . The Abelian version of the lemma is obtained if
we choose the factors Pβ to be Abelian. 
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G such that all functionally bounded subsets of both groups N and G/N have compact
closures, but G contains a closed copy of the ordinal space ω1. In particular, weak C-
compactness is not a three space property.
Indeed, let Y = ω1 +1 be the space of all ordinals ω1 with the order topology. Clearly,
Y is compact. Let also X = ω1 be the corresponding subspace of ω1 + 1. Then X is ω-
bounded and non-compact. Denote by f the mapping of Y onto itself defined by f (0) =
f (ω1) = ω1, f (n) = n − 1 for each n ∈ ω \ {0}, and f (α) = α for each α ∈ ω1 \ ω. It is
easy to see that f is continuous and that the restriction of f to X is a bijection of X onto Y .
Extend f to a continuous homomorphism fˆ :A(Y) → A(Y) and denote by A(X,Y ) the
subgroup of A(Y) generated by X. Since Y is closed in A(Y), the set X = Y ∩ A(X,Y )
is closed in A(X,Y ). It is easy to see that the restriction of fˆ to A(X,Y ) is a continuous
isomorphism of A(X,Y ) onto A(Y) (but this restriction is not open).
Since the space Y is compact, the group A(Y) is σ -compact and, hence, ω-narrow. Note
that w(Y) = ω1, so we can apply [47, Theorem 2.1] to infer that w(A(Y )) (ℵ1)ω = c (in
fact, one can show that w(A(Y )) = d, see [34]). By Lemma 4.12, we can find a topological
monomorphism i of A(Y) to a direct product H =∏α∈AHα of second countable Abelian
topological groups, where |A| c, and a countable dense subgroup S of H such that S ∩
i(A(Y )) contains only the neutral element of H . Then the diagonal product ϕ = i fˆ
is a topological monomorphism of A(Y) into the product H × A(Y). Denote by π the
projection of H × A(Y) onto the second factor. Then π ◦ ϕ = fˆ . Put N = S × {0Y } and
G = ϕ(A(X,Y )) + N , where 0Y is the neutral element of A(Y). Then G is a subgroup of
H ×A(Y) and N is a closed subgroup of G, since N = G∩ kerπ . In addition, since N is
dense in kerπ , the quotient group G/N is topologically isomorphic to the group
π(G) = π(ϕ(A(X,Y )))= fˆ (A(X,Y ))= A(Y).
By [13, Theorem 2.5], every functionally bounded subset B of the group A(Y) is contained
in the compact set An(Y ) for some n ∈ ω, so the closure of B in A(Y) is compact. The
same holds true for bounded subsets of N , since N is countable.
Since Y is compact, the group A(Y) is complete by Graev’s theorem [22]. Hence
ϕ(A(Y )) ∼= A(Y) is a closed subgroup of H × A(Y). In addition, our choice of S and
N implies that
ϕ
(
A(Y)
)∩G = ϕ(A(X,Y )),
so ϕ(A(X,Y )) is a closed subgroup of G. Finally, since X = ω1 is a closed subset of
A(X,Y ) ∼= ϕ(A(X,Y )), we conclude that G contains a closed copy of ω1.
Our last example shows that the property “every countably compact subset has count-
ably compact closure” is not a three space property either.
Example 4.14. There exist an Abelian topological group G and a closed subgroup N of G
such that every functionally bounded subset of the groups N and G/N has countably com-
pact closure, but the group G contains an ω-bounded (hence countably compact) subset
whose closure is not countably compact.
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copies of the group 2 with center at 0¯. Similarly, denote by Σ(1¯) the Σ -product with center
at the point 1¯ ∈ 2ω1 all whose coordinates are equal to 1. Choose a countable, infinite,
discrete subset D of Σ(1¯) and put X = Σ(0¯) ∪ D. Since the closure of every countable
subset of Σ(1¯) is contained in Σ(1¯), we conclude that D is a closed discrete subset of X.
Clearly, X is pseudocompact subspace of 2ω1 and Σ(0¯) is a dense countably compact
subspace of X. In particular, the closure of Σ(0¯) in X is not countably compact.
Let P be the partition of X into disjoint closed sets with the only non-trivial element D.
Denote by Y the quotient set X/P and let f :X → X/P be the natural projection. Then
f−1f (x) = {x} for each x ∈ X \ D and D = f−1f (x) for all x ∈ D. Let Y carry the
finest topology which makes the mapping f R-quotient [9]. In other words, a function
h :Y → R is continuous on Y iff h ◦ f is continuous on X. It is easy to verify that the
space Y is Tychonoff and the mapping f :X → Y is continuous (see [9]). Pick a point
x0 ∈ D. The subspace Z = Σ(0¯)∪ {x0} of X is ω-bounded, and so is the image Y = f (Z).
Extend f to a continuous homomorphism fˆ of A(X) onto A(Y). Since f is R-quotient,
the homomorphism fˆ is open by [35]. From our definition of f it follows that the kernel of
fˆ is contained in the subgroup A(D,X) of A(X) generated by the set D, so that N = ker fˆ
is countable. Put G = A(X). The quotient group G/N is topologically isomorphic to the
group A(Y). Since the space Y and all finite powers of Y are ω-bounded, so is An(Y )
for each n ∈ ω. If B is a bounded subset of A(Y), then B ⊆ An(Y ) for some n ∈ ω [13,
Lemma 2.4], so the closure of B in A(Y) is countably compact. Since the kernel N of
the homomorphism fˆ is countable, the closure of every bounded subset of N is compact.
Finally, X is a closed subset of G = A(X), so the closure in G of the dense ω-bounded
subset Σ(0¯) of X coincides with X and, hence, fails to be countably compact.
5. Open problems
It is evident that every compact sequential space is sequentially compact. It is not clear
whether Corollary 2.11 concerning sequentiality can be extended to cover the case of se-
quential compactness:
Problem 5.1. Suppose that all compact subsets of the groups N and G/N are sequentially
compact. Does then the same hold for the group G?
Metrizability is a three space property for compact sets by Theorem 3.2. We do not
know, however, if the result remains valid if one replaces metrizability by separability:
Problem 5.2. Suppose that all compact subsets of the groups G and G/N are separable.
Are then compact subsets of G separable (or have countable cellularity)?
It is known that the product of two compact Fréchet–Urysohn spaces can fail to be
Fréchet–Urysohn [41]. This gives rise to the following problem:
Problem 5.3. Is the Fréchet–Urysohn property a three space property for compact sets?
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not preserve the property “all pseudocompact subspaces of a group are metrizable”. This
makes it interesting to answer the following question.
Problem 5.4. Do there exist in ZFC a topological group G and a closed invariant subgroup
N of G such that all pseudocompact subspaces of N and G/N are metrizable, but G
contains a non-metrizable (and/or non-closed) pseudocompact subspace?
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